We study the time evolution of two correlated electrons of opposite spin in an anharmonic lattice chain. The electrons are described quantum mechanically by the Hubbard model while the lattice is treated classically. The lattice units are coupled via Morse-Toda potentials. Interaction between the lattice and the electrons arises due to the dependence of the electron transfer-matrix element on the distance between neighboring lattice units. Localized configurations comprising a paired electron and a pair of lattice deformation solitons are constructed such that an associated energy functional is minimized. We investigate long-lived, stable pairing features. It is demonstrated that traveling pairs of lattice solitons serve as carriers for the paired electrons realizing coherent transport of the two correlated electrons. We also observe dynamical narrowing of the states, that is, starting from an initial double-peak profile of the electron probability distribution, a single-peak profile is adopted going along with enhancement of localization of the paired electrons. Interestingly, a parameter regime is identified for which supersonic transport of paired electrons is achieved.
I. INTRODUCTION
Since the pioneering work of Landau and Pekar, it has been established that when an electron in a lattice interacts locally with the phonons it can become self-trapped by the lattice distortion it creates ͓1,2͔. The generated quasiparticle consisting of the localized electron and its associated local lattice deformation is called a polaron ͑an electron surrounded by a phonon cloud͒. Fröhlich ͑large polarons͒ and Holstein ͑small polarons͒ elaborated significantly on the consequences of the polaron concept ͓3,4͔. Further significant work was done by several other authors ͓5͔, in particular by Feynman, who developed the path-integral methodology ͓6͔. Later this idea of a localized quasiparticle was used by Davydov to propose a model for coherent energy and/or charge transport in macromolecules ͓7-12͔.
Recently, Cruzeiro-Hansson et al. ͓13͔ have considered a generalized Davydov Hamiltonian augmented with both attractive and repulsive Coulomb interaction between generic "quasiparticles" ͑hole or electron͒ modeling spin-spin interaction or Coulomb repulsion and using Hubbard's local Hamiltonian ͓14͔. Two kinds of nonlinearity were incorporated in the dynamics. One nonlinearity comes from the polaronic electron-lattice interaction ͑called extrinsic nonlinearity͒. The other kind of nonlinearity, called intrinsic, was twofold because it considered the 1 / r 12 Lennard-Jones ͑LJ͒ repulsive interaction between lattice units and also took the units as on-site nonlinear oscillators with quartic potential. The latter offers naturally the possibility of exciting "breathers" along the lattice. Figure 1 shows the LJ potential compared to the Morse and Toda repulsive exponential interactions. The Lennard-Jones potential is closely related to the Toda and the Morse potential with respect to linear and ͑small͒ nonlinear excitations. The common feature is the fact that these two-parameter potentials have an asymmetric minimum with a negative third derivative. By scaling the two parameters, the frequency of linear oscillations and the stiffness may be mapped to each other. After adapting the second and third derivatives, one may expect that the linear and the ͑small͒ nonlinear excitations are closely related. As shown by ͓15-17͔, interactions with these properties have in common the existence of supersonic solitonic excitations with specific properties. We have demonstrated the existence of such excitations and their influence on the electron dynamics in previous work. Cruzeiro-Hansson et al. analyzed the perturbation of the single polaron state induced by the presence of a second quasiparticle with opposite spin. Thus the question studied was the influence of the strength and sign of the Hubbard ͑local͒ interaction on the evolution of paired quasiparticle states. They also analyzed in detail the role of the 1 / r 12 LJ anharmonicity versus the harmonic approximation upon the evolution of such paired states. One of their findings is that within a certain range of parameters, the states in which the two quasiparticles are paired and coupled to a discrete breather are energetically more favorable than those of uncorrelated quasiparticles.
Another study of the role of the Hubbard repulsion in a Fröhlich/Holstein-Davydov kind of problem worth recalling Dorignac et al. ͓21͔. In common with the model studied by Cruzeiro-Hansson et al. ͓13͔ , here the intrinsic anharmonicity of lattice vibrations, albeit using a Morse potential, is considered ͑Fig. 1͒ ͑or more precisely, an adapted Morse-Toda potential ͓22͔͒. This permits considering solitons moving along the nonlinear lattice. At variance with Cruzeiro-Hansson et al. ͓13͔, on-site nonlinear dynamics is not explicitly incorporated.
The outline of the paper is as follows. In the next section, we introduce the Davydov-Hubbard model system used herein. Localized two-electron soliton solutions are derived with the help of a variational approach minimizing the energy of the electron lattice system. Section III is devoted to a study of the time evolution of the electron soliton compounds focusing on coherent transport of paired electrons. Finally, we summarize and discuss our results.
II. THE DAVYDOV-HUBBARD SYSTEM
We investigate a one-dimensional periodic lattice chain of molecules coupled by Morse forces in which two ͑interact-ing͒ excess electrons have been injected. Our model Hamiltonian of charge transport in the system consists of the following two parts:
H el describes quantum mechanically the electron transport over the molecules in the context of a tight-binding system, and H lattice represents the classical dynamics of longitudinal vibrations of the molecules, viz. the deformations of the corresponding bonds between them. The electronic system is given by the 1D Hubbard Hamiltonian,
The index n ͓1,N͔ denotes the site of the nth molecule on the lattice, and determines the spin of an electron, which can be up or down. The standard Fermion operator â n + creates an electron with spin at site n, and â n annihilates the electron. The symbol V nn−1 denotes the transfer-matrix element ͑its value is determined by an overlap integral͒ being responsible for the nearest-neighbor transport of the electron along the chain. The second term in Eq. ͑2͒ represents the on-site electron-electron interaction due to Coulomb repulsion related with the positive parameter U.
The lattice part of the Hamiltonian, H lattice , models dynamical longitudinal changes of the equilibrium positions of the molecules yielding alterations of the length of bonds. The dynamics can appropriately be modeled by Morse potentials. The Hamiltonian of the H lattice is given by
The coordinates q n quantify the displacements of the molecules from their equilibrium positions along the molecular axis. D is the breakup energy of a bond, B is the range parameter of the Morse potential ͑the stiffness͒, and M denotes the mass of a molecular unit. The Morse potential exhibits an exponential-repulsive part preventing the crossover of neighboring lattice particles ͑molecules͒ for large displacements. Note that, with an expansion of the exponential functions, one recovers in lowest order the harmonic limit used in the Davydov model ͓7-10͔. Besides, as shown in Fig.  1 , there is not much difference between the Morse exponential and the 1 / r 12 LJ repulsion. As mentioned earlier, Cruzeiro-Hansson et al. ͓13͔ have considered the coupling of a Hubbard Hamiltonian ͑describing two correlated electrons of opposite spin͒ to dispersive phonons in a classical nonlinear lattice, the latter being of 1 / r 12 Lennard-Jones type. Emphasis is put on pair formation when a second additional electron is injected into the state of a single ͑standing͒ electron coupled to the lattice. Interesting effects occur such as an enhancement of localization when a nonlinear lattice mode ͑a breather͒ couples to the two-electron state in comparison with a much weaker electron localization in a harmonic lattice. Furthermore, the beneficial role of nonlinearity involved in the lattice for charge transport has been demonstrated in ͓23,24͔. The lattice dynamics, where the units are coupled via Morse potentials, possesses properties similar to that of the Toda chain by suitably rescaling parameters ͓22͔. In particular, to quite a good approximation, stable solitonic lattice deformations exist that are utilized as carriers for even supersonic charge transport as described in ͓23,24͔. In the current paper, this idea is extended to the case of two correlated electrons being embedded in the nonlinear lattice of Morse-Toda type.
The interaction between the electronic and the vibrational degrees of freedom yields modifications of the electronic parameters V nn−1 due to the displacements of the molecules from their equilibrium positions. To be precise, the transfermatrix elements V nn−1 are supposed to depend on the relative distance between two consecutive molecules on the chain in the following exponential fashion:
The quantity ␣ regulates how strong V nn−1 is influenced by the relative displacement of lattice units, r n = q n − q n−1 , or in other words, it determines the coupling strength between the electron and the lattice system. On the other hand, the actual charge occupation has its ͑local͒ impact on the longitudinal distortion of the molecular chain. Note that here the exponential form of the electron-lattice interaction accounts for both small and large displacements of the lattice units, thus going beyond the range of harmonic interaction considered in earlier studies. We pass to a dimensionless representation by introducing suitable scales. Time is scaled as t= ⍀ Morse t, with ⍀ Morse = ͱ 2DB 2 / M being the frequency of harmonic oscillations around the minimum of the Morse potential. The energy of the system is measured in units of the depth of the Morse potential, i.e., H → H / ͑2D͒. The dimensionless representation of the remaining variables and parameters of the system follows from the relations
In what follows, the tildes are omitted. The exact two-electron wave function for the electronlattice Hamiltonian ͑2͒ and ͑3͒ is given by the singlet state
where ͉0͘ is the vacuum state ͑containing no electrons͒ and mn denotes the probability amplitude for an electron with spin up to occupy site m while an electron with spin down is at site n. The symmetric mn = nm probability amplitudes are normalized ͚ mn ͉ mn ͉ 2 = 1 and depend further on the set of lattice variables ͕͑p m ͖ , ͕q m ͖͒.
To obtain the equations of motion for the probability amplitudes, the wave function ͑7͒ is inserted into the Schrödinger equation for the Hamiltonian ͑2͒ and ͑3͒, and the evolution of the lattice variables is derived from the Hamiltonian principle related with the classical energy functional E 2 = ͉͗H͉͘ yielding the following set:
The adiabaticity parameter = V / ͑ប⍀ Morse ͒, appearing on the right-hand side ͑r.h.s͒ of Eq. ͑8͒, determines the degree of time-scale separation between the ͑fast͒ electronic and ͑slow͒ acoustic phonon or soliton processes. We further introduce the notation Ū = U / ប⍀ Morse and drop the overbar in what follows. For illustration ͑unless stated otherwise͒, the following values are used: = 10, V = 0.1, and ␣ = 1.75 ͓24͔.
To establish a nonlinear charge-transport mechanism, one proceeds as in the single quantum particle case ͓23,24͔ and constructs as a first step localized stationary solutions of the coupled system ͑8͒ and ͑9͒, where one uses an adiabatic approach. To this end one notes that due to the fact that the lattice motion is slow compared to the electron motion ͑large adiabaticity parameter ͒, the inertia in Eq. ͑9͒ is negligible so that the adiabatic approximation applies. Solutions of the stationary Schrödinger equation, associated with standing electrons, are obtained from Eq. ͑8͒ with the substitution mn ͑t͒ = ⌽ mn exp͑−it͒ with real-valued amplitudes ⌽ mn and where is the corresponding spectral parameter. The energy of the system is then given by
͑10͒
and the stationary equations are derived according to
For the localized electronic solution, one uses a simple trial function ͑see also ͓21͔͒,
where the variational parameter 0 Ͻ Ͻ 1 gives the width of the solution, which is supposed to be localized with an interelectron distance l. The coefficient A l follows from the normalization condition and is evaluated as
with
The localized two-electron solution is connected with lattice deformations that are supposed to be of the form of two superimposed Toda solitons, exp͓− ͑q n − q n−1 ͔͒ = + ͓1 + sinh 2 cosh −2 ͑n͔͒
where is treated as a variational parameter. Note that likewise for the electron pair, one assumes also that the distance between the soliton centers is l. The total variational energy is then expressed as 
͑16͒
For a given set of system parameters ␣ and V, the global minimum of ⌫, giving the lowest energy configuration, is searched for in the three-parameter space ͑ , l , ͒. The probability for one electron to be in site n with spin up and spin down, respectively, is determined by
Typical electron probability distributions ͓because of the symmetry it holds that n↑ = n↓ and we plot half the electron density at a site n defined as n = 1 2 ͚ k ͉͑ kn ͉ 2 + ͉ nk ͉ 2 ͒ and the corresponding profile of displacements of the molecules͔ are depicted in Fig. 2 for three different values of the repulsive interaction strength U. The corresponding localized compound comprises an exponentially localized two-electron state, and the associated pair of kink-shape topological lattice deformations that are represented as exp͓−͑q n − q n−1 ͔͒ are of a bell shape. The latter are referred to herein as the lattice solitons. Increasing the repulsive ͑Coulomb͒ Hubbard interaction has the impact that the interelectron distance ͑and accordingly also the distance between the centers of the solitons͒ gets larger. At the same time the degree of localization reduces, i.e., broader profiles of lower peak values result. Notably, the localized solutions are of fairly broad width and thus are expected to be mobile when kinetic energy of an appropriate form is added. In more detail, for a low value U = 0.05 the electron probability density is single-peaked where the peak is shared by two neighboring sites to either side of which the localized pattern decays. Doubling the value to U = 0.1 causes a split up of n into a double-peaked structure of lesser amplitude than in the preceding case. The interelectron distance amounts to l = 8. With a further increased value of U, the two peaks of get further apart from each other while the degree of localization is further reduced ͑see also below in Fig. 4͒ . Crucially for U տ 0.9, the interelectron distance l exceeds the width of either of the two peaks of the electron probability density. Therefore, the two electrons can no longer be regarded as paired. Those features of the electron probability are equivalently exhibited by the soliton patterns, that is, the larger the repulsive interaction strength U is, the less is the lattice compression reflected in the width and amplitude of the soliton patterns. For a more comprehensive representation, Fig. 3 shows the binding energy E binding = ⌫ −2E 1 ͑where ⌫ is the minimal energy attained in the correlated two-electron lattice system and 2E 1 is the energy of two single localized electron soliton states being apart as much as possible from each other in the lattice͒ as a function of the ͑Coulomb͒ Hubbard interaction strength U. Furthermore, the partial electron energy and lattice energy as given by the expressions ͑2͒ and ͑3͒, respectively, as well as the electron correlation energy E Hubbard , determined by only the last term in Eq. ͑2͒, are depicted, respectively. In compliance with the findings reported above with increasing Hubbard interaction strength ͑for which the degree of localization is lowered͒, the binding energy decreases. Likewise the electron energy E el ͑starting from far below the lower edge of the energy band of extended states͒ gets eventually close to the value of the lower edge of the energy band of extended states. Correspondingly, the diminishing lattice energy E lattice upon increasing U goes along with a reduction of the degree of lattice deformation as noted also above. The intensity of the electron correlation is manifested in the behavior of E Hubbard as a function of U, and one notices a rapid decrease of E Hubbard for growing U. In Fig. 4 , the interelectron distance as a function of the repulsive ͑Coulomb͒ Hubbard-interaction strength U is shown. From the perspective of the energy distribution, we mention that at the transition from correlated to uncorrelated electron states, the energy saving coming from the interaction of the paired electron state with the lattice no longer exceeds the energy contained in the repulsion term and the contribution of the repulsive energy becomes so dominant that the paired state is no longer energetically favorable. Remarkably, in Figs. 3 and 4 there occur several intervals of U values for which the partial energies as well as the interelectron distance exhibit plateaus.
III. MOVING ELECTRON-PAIR SOLITON COMPOUNDS
Having obtained the lowest energy configuration with the help of the variational approach in the previous section, now the dynamical behavior of the localized electrons coupled with the corresponding lattice deformations is investigated. 
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Motion of the lattice soliton is achieved with the excitation of the Toda soliton momenta according to p n = 2 sinh͑͒/"exp͓2͑n − 1͔͒/͕1 + exp͓2͑n − 1͔͖͒ − exp͓2͑n − l͔͒/͕1 + exp͓2͑n − l͔͖͒…
One should bear in mind that while in this way the lattice is equipped with kinetic energy, the electrons are presented as a standing state ͑see above͒. Moreover, in the case of vanishing electron lattice interaction strength, ␣ = 0, the lattice solitons move form-invariant ͑apart from negligibly small radiation͒ with uniform velocity along the lattice resembling the behavior of the initially exact Toda solitons ͓25͔. For the system of a single standing electron coupled to the Morse lattice ͑␣ 0͒, coherent charge transport is mediated by a soliton carrier as illustrated in ͓23,24͔. The question now is whether such a soliton-assisted transport mechanism is achievable in the more complex situation of two correlated standing electrons in the lattice. We integrated the system ͑8͒ and ͑9͒ with N = 61 lattice sites using a fourth-order RungeKutta scheme where periodic boundary conditions are imposed. We checked the accuracy of our computations by monitoring the conservation of the norm ͚ mn ͉ mn ͑t͉͒ 2 =1 as well as the conservation of the total energy. The spatiotemporal evolution for a relatively low repulsive interaction strength, U = 0.05, is illustrated in Fig. 5 . The lattice deformation solitons travel with uniform but subsonic velocity along the lattice retaining their localized profile despite the emission of small-amplitude waves to either side in the beginning. Likewise the localized shape of the electron pair probability distribution as well as the interelectron distance of l = 1 are maintained throughout the simulation time. Apparently part of the energy contained initially in the lattice deformation is distributed in the electronic degree of freedom with the result that the height of the electron probability density increases. On the other hand, the reduction of the lattice deformation energy lowers the velocity of the corresponding solitons. For an increased repulsive interaction strength, U = 0.1, the localized electron pair probability distribution and the lattice soliton pair consist of two peaks being a distance of l = 8 sites apart from each other. Interestingly, as seen in Fig. 6 , in an early stage of the time evolution the two peaks of the electron probability distribution and the lattice pair approach each other leading to a drastic increase of localization in a single peak state in the electron and lattice component, which then travel in unison with apparent stability along the lattice. Thus, starting from a pronounced double-peak configuration, the dynamics causes the two peaks to merge, and subsequently coherent transport of a strongly single-peaked electron probability distribution ͑strongly coupled electron pair͒ achieved by a traveling lattice soliton carrier occurs.
However, for large repulsive interaction strength U = 1, for which the interpeak distance amounts to a value l = 15, virtually no dynamical changes of the initial localized profiles, apart from the emission of small portions of linear waves from them, is observed ͑see Fig. 7͒ . Thus, in this case the Coulomb repulsion is too strong so that profile narrowing of the localized electron probability distribution cannot take place.
Finally, we studied also higher interaction strengths between the electrons and the lattice deformations. Interestingly, it turned out that there result supersonic moving paired electron lattice soliton compounds as illustrated in Fig. 8 for interaction strength ␣ = 2 and transfer matrix element V = 0.25 for which an interelectron distance l = 1 is attained. The plot clearly exhibits a large-amplitude excitation in the electron probability density ͑although its amplitude diminishes weakly in the course of time͒ as well as the lattice amplitudes moving in unison with supersonic velocity leaving behind the phonon waves that have been initially emitted from them. Clearly, due to decoherence and dissipation, the lifetime of a bound electron-soliton state is limited. Nevertheless, from the simulations performed in Ref. a distance of ϳ40 Å is traversed on the molecular chain. This holds true also for the paired states as confirmed by the simulations presented in the current paper.
IV. CONCLUSIONS
We studied the time evolution of two correlated electrons of opposite spin moving in a one-dimensional lattice chain within a mixed quantum-classical approach. While the electron dynamics is treated quantum mechanically using the Hubbard Hamiltonian, the units of the classical lattice are coupled via Morse-Toda potentials. Interaction between the electrons and the lattice stems from the modulation of the electronic transfer-matrix element by the relative displacements between two lattice sites. The correlation between the electrons is due to the repulsive Coulomb interaction and is accounted for in the on-site Hubbard term ͑for an alternative approach, see ͓26͔͒. Concerning the more realistic case of a solid-state system involving the Fermi sea, the following remark is in order: In the current paper, only two electrons in a one-dimensional lattice are considered and a solid-state system with a sea of electrons is beyond the scope of the present study. However, one may say that if the electrons are degenerate, then it is expectable that bound states persist to a certain extent, since the degeneration weakens the Coulomb repulsion.
Attention was paid to a coherent charge-transport mechanism where a pair of lattice solitons is supposed to serve as the carrier of the two correlated electrons forming a pair that is represented by a localized probability distribution. Such localized electron soliton compounds were searched for by minimizing an associated functional for the potential energy. It was illustrated that in dependence of the strength of the repulsive ͑Coulomb͒ Hubbard interaction strength, the electron probability distribution can be either single-peaked or double-peaked. In the former case, the single peak of the electron probability distribution is shared symmetrically by two neighboring sites, while in the latter case the two peaks get farther away from each other as the repulsive ͑Coulomb͒ Hubbard interaction strength increases. Accordingly, the distance between the centers of the two charge-carrying lattice solitons adapts to the interelectron distance. Equipping the soliton pair with kinetic energy, the motion of the localized electron soliton compound is initiated. In dependence of the parameters of the model system, two regimes of coherent transport were found. For relatively small value of the transfer-matrix element and moderate coupling strength between the electrons and the lattice, the charge transport proceeds with subsonic velocity. Remarkably, increasing the values of the two aforementioned parameters beyond a respective critical value causes the supersonic transport of paired electrons. Our results generalize an earlier finding by Zolotaryuk et al. ͓17͔ , who identified a supersonic transport mode where two soliton peaks can attach to a polaron with a single electron creating together with it a coupled or dynamic bound state.
Finally, in comparison with the study by CruzeiroHansson et al. ͓13͔ , one notes that in their treatment of the lattice evolution, intrinsic nonlinearity occurs in a twofold way: There is the anharmonic treatment of coupling interaction between the lattice units using the 1 / r 12 LJ potential, and furthermore, quartic on-site potentials are incorporated. We underline that in our study, the on-site nonlinearity, which is the source for breather formation in ͓13͔, is absent. However, the model in ͓13͔ and ours have the nonlinear coupling interaction between the lattice sites in common. As already noted above, the corresponding anharmonic LJ and Morse potentials share a virtually equal repulsive part and hence support solitonlike solutions. In addition, the electron lattice interaction is responsible for another nonlinear effect, namely trapping of the electron͑s͒ through the resulting polaron formation. ͑We recall that this happens also in the case of linear coupling interaction between the lattice sites, i.e., when soliton solutions of the lattice itself are impossible.͒ Distinct to our present study, Cruzeiro-Hansson et al. ͓13͔ focused their interest on the formation process of a pair of correlated quasiparticles arising when an additional quasiparticle is injected into the system state of a single quasiparticle coupled to the nonlinear lattice. The most stable state is then supposed to be attained for zero kinetic energy. Discussing the stability of the static minimum energy configurations under the impact of the additional on-site lattice nonlinearity term, they noticed that the presence of the latter supports the formation of strong lattice deformation in the form of a standing breather around the site where the two quasiparticles reside. This turns out to enhance the stability of the paired quasiparticle state. In contrast, this paper is concentrated on the soliton-assisted transport mechanism of correlated electrons. Departing from Cruzeiro-Hansson et al. ͓13͔, lattice solitons ͑hence with an amount of initial kinetic energy͒ together with the associated ͑standing͒ localized paired electron as initial conditions were used. It is demonstrated that for vanishing on-site nonlinearity ͑viz., zero elasticity of the on-site potential͒, but with the presence of nonlinear coupling interaction between the lattice units, the coupled electron lattice dynamics provides a stable transport mechanism of paired electrons. Currently we are investigating the issue of mobility of the localized electron pair lattice soliton compound in the system with on-site lattice potentials.
